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1 Introduction 



Possible interactions in field theories are tightly restricted by the require- 
ment of renormalizability. In four-dimensional scalar field theories, for exam- 
ple, only (j)^ and (j)'^ interactions are renormalizable at least in perturbation 
theories. In two dimensions, however, nonpolynomial interactions like svo-cj) 
or four fermion interactions are also renormalizable, and various interest- 
ing phenomena such as boson-fermion correspondence or dynamical mass 
generation are studied without ambiguities due to renormalization. Among 
field theories with nonpolynomial interactions, nonlinear sigma models pro- 
vide particularly interesting models in which field variables take values on 
curved manifolds (target space) like the sphere. Known examples on com- 
pact manifolds such as 5^, CP^ or are asymptotically free and generate 
the dynamical mass. Some of these theories curiously produce the diquark 
scalars, gauge fields and fermions as bound states ||T|. 

Recently, the super symmetric nonlinear sigma models (SNLcrM) on Ricci- 
flat Kahler manifolds are explicitly constructed |p. These theories have 
M = 2 supersymmetry, and are supposed to describe conformally invariant 
field theories. Although these field theories are interesting for their own 
sakes, they are also important as possible candidates for the sigma mod- 
els description of the superstrings propagating in the curved background. 
Therefore it is curious to study the renormalization properties of = 2 
SNLctM. In perturbation theories, (3 function is proportianal to the Ricci 
tensor of the target space in the one loop order Q . 

Field theories have rich structure in two dimensions since any polynomial 
interactions are renormalizable in perturbation theories. Relations among 
these infinite number of field theories have been studied by using the so- 
called exact renormalization group equation, which is the Wilsonian reno- 
malization group (WRG) method under the continuous change of the cutoff 

Q. In practice, we have to introduce some kind of truncation of the 
functional differential equation describing the flow of an infinite number of 
coupling constants. The relevant truncation in the infrared region relies on 
the derivative expansion of the effective action Q . The simplest is the local 
potential approximation, in which one maintains only the potential term 
without any derivative ||^]. 

In this paper, we derive the Wilsonian renormalization group equation 
for the in the flrst nontrivial order of the derivative expansion in = 2 
SNLcrM. Because of the reparametrization invariance of the target manifold, 
the Lagrangian of the nonlinear sigma model is proportial of the metric of 
the target manifold and the potential term is absent. Therefore, the first 
nontrivial order of the derivative expansion is already of the second order in 
the derivatives ^] @. 
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In this order, we obtain the /3 function for the sigma model 



= ^R^i + 7 + + 25.? • (1-1 



Jij,k^'^^ yij,k 



This P function has the one loop correction term and the field rescaling 
term. We also give the /3 functions in case of D=3 J\f = 2 and D=4 J\f = 1 
SNLctM. 

Using this /? function, we will show how the target spaces are deformed 
according to nonpcrturbativc renormalization group flow. Wc will show, in 
particular, the theories are asymptotically free when the target spaces are 
generic compact Einstein Kahler manifolds. We will also construct a new 
model. The model has two parameters, whose renormalization group flow 
interpolates two Einstein Kahler manifolds with different global symmetry. 

This paper is organized as follows. In section 2, we review the WRG 
for the most generic action and the approximation method based on the 
derivative expansion. In section 3, we derive the WRG equation for two di- 
mensional SNLcjM. Wc also give the explicit WRG equation for the SNLctM 
in three and four dimensions. In two dimensions, we show the sigma mcdcl 
with compact Einstein Kahler manifolds as target spaces axe asymptotically 
free in section 4. In section 5, we construct a new model. This model has 
two parameters in the theory, whose WRG flow interpolates two Einstein 
Kahler manifolds with different global symmetries. 

2 Wilsonian Renormalization Group (WRG): Re- 
view 

Consider a general Euclidean quantum field theory for the fields in D 
dimensions. The Euclidean path integral is 

Z = J [Dni] exp [-S[n]] . (2.1) 

Here S[^}] is the most generic Euclidean action, which has the form 

'^[^] = X]~T / / ^^^^(Pi-^ \-Pn)9h,-,ir,{Pl,--- ,Pn)^h{Pl)---^iAPn), 

(2.2) 

where y is a coupling constant, and 

m = (27r)^(5(^) (2.3) 

is the D dimensional delta-function. The Fourier transformation of f2 is 
defined by 

Q(ar) = I n{p)e-'P^ (2.4) 
Jp 
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in which 



(2.5) 



The basic idea to define the effective action is as follows. We divide 
all fields into two group: the high frequency modes {^i>) and the low 
frequency modes (nj<). After the higher modes are integrated out, the 
Wilsonian effective action (S^ff) is obtained: 



= J [DQi] exp 

i<\ 6Xp [— S'[i7i<, fii>]] 
= J [-DOi<] exp [-Seff[^i<]] . 



(2.6) 



Our aim is to find the flow of Seff by continuously changing the cutoff 
A which is the boundary between higher and lower momentum. For that 
purpose, we change the cutoff A infinitesimally to A(5t) = Ae~^*. Thus in 
the effective action at A, we divide all fields into the higher modes [17^] and 
the lower modes again. The fields [^s] which have nonzero value only for 
the shell momentum between A{6t) and A, are integrated out, and we can 
obtain the effective action for new cutoff A{St). Hereafter, we simply write 
S for Seff, and we assume that Z is cutoff independent. 



= j [Dn]j,^st) [Dns] exp [-s[n + n^-, A]] 

= J[DnUist)[Dn,]exp 
= J [Dnjf^^st) exp 



-(S|fi;Al| + ^!2; + i!!i^fi{+0(fiJ: 



s[n 

2r, N -1 



tr In 



5'S 



6S 



5S 



(2.7) 



(2.8) 



where 



(2.9) 



with f £, being the surface integral of the D-dimensional unit sphere. We 
can drop terms of order O(O^), because such terms vanish when 5t 0. In 
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Eq.(2.7) the action S'[r2;A]| is obtained from S'[J7;A] by dropping all fields 
with momentum above A{6t) 

s[n-A]\ = ^-J' ... [ 5{pi + ... + pMAn,...n,^. (2.10) 



On the other hand, the action ^[Jl; A((5t)] in Eq.( p.8D depend on the fields 
with the lower momentum, and the coupling constants which are defined at 
the lower cutoff K{5t): 

s[n;A{dt)] = Y,-J ■■■ [ sipi + ...+pn)9{Mdt))ni,...n,^. (2.11) 

The difference between Eq.( p.ld|) and Eq.( p.H ) lies in the variation of cou- 
pling constants when the cutoff is changed. 

5[17;A(5t)] -5[rj;A]| 

= •••/ Hpi + ---+Pn)[gmt))-g{A)]n,,...n,„ 

„ Jpi Jpn 

If , f \ 1 f f SS / 5^S 6S 



p' Jq' 



If the coupling constants depend on momenta, this cutoff dependence of 
the coupling constant is given by 

i * 

In order to derive a differential equation for S, we transform all fields 
and coupling constants to dimensionless quantities. The mass dimension of 
a coupling constant g is given 

dim[g] =D-j:nSdn,+^nJ, (2.14) 

where D denotes space-time dimensions, and dn-, 70 . are the canonical and 
anomalous dimensions of fi,. Since the cutoff dependence of the coupling 
constant can be written 

i * 

the WRG equation for the effective action S is 
= -^^[S[n;Ai5t)]-S[n;A]\] 
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S 



- dt' 



(2.16) 



where the caret indicates dimensionless quantities. 

Using Eq.( p.l2| ), we obtain WRG equation for dimensionless action: 



It 



s[n-t\ 



1 

2M 



tr In 



1 

25t jpi Jqi 



6S 



5^S 



5S 
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The terms 



trln 



and 




6S 



6^S 



6^S 



6S 



s. 

(2.17) 
(2.18) 

(2.19) 



correspond to the one-loop and dumbbell diagrams respectively shown in 
Figures 1 and 2. 



Figure 1: one-loop diagram 
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Figure 2: dumbbell diagram 



Here, the single and double lines represent the lower and higher modes, 
and the latter are integrated out in Eq.( 2.17] ). In the limit 5t — > 0, the 
contribution of the higher order diagrams disappears. 

If there are fermionic fields in addition to bosonic fields, the WRG equa- 



tion (2.17) can be rewritten: 

str In 



dt 



26t 



5^S 



1 

'2di 



6S 



+ 



d 



6S 



j^Jp ' ^ dp^^'5^'{p) 



S, (2.20) 



where 



str In 



6^S 



str In Mi 



str In 



Mbb Mbf 



Mfb Mff 
trln Mbb - tr In iViri;', 



with 



Nff 



Mff 



MfbMj^IMbf- 



(2.21) 



(2.22) 



The action t] in E q.(|2.17| ) includes an infinite number of coupling 
constants gi^^...^i„, and Eq.( 2.17] )~gives infinite number of differential equa- 
tions among them. To make these equations more tractable, we usually 
expand the effective action in powers of derivatives and maintain the first 
few terms. We often introduce a symmetry (supersymmetry, gauge sym- 
metry, Z2 symmetry etc) to further decrease the number of independent 
coupling constants. 

Consider, for example, a single real scalar field theory which is invariant 
under ip — > —ip (Z2 symmetry). We can expand the most generic effective 
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action as: 



where F [(/?], K [(/?], i/i [93], •• • are functions of ip. To second order of deriva- 
tives, this action becomes 



d^x 



(2.23) 



Substituting this S[lp\ into Eq.( p.l7| ) and expanding the right hand side of 
Eq.( 2.17| ) up to 0(5^), we obtain two differential equations for F [99], 

In scalar field theories, one often maintains only the local potential term 
V[^p\. In this paper, we consider M = 2 SNLcrM and work at the second 
order of derivatives for the scalar fields. In these theories, the local potential 
term is forbidden by the reparametrization invariance of the target manifold. 



3 Supersymmetric Nonlinear Sigma Model 

For N = 2 supersymmetric nonlinear sigma model (SNLcrM) in two dimen- 
sions (D=2), the action is determined by the Kahler potential i^[<I', <I>^]: 



where 



dV 



dVK[^,^% 



d^xd^Od^e. 



(3.1) 



This is also true for = 2 SNLaM in D=3 and = 1 SNLcrM in D=4, 
then we replace the space-time dimensions 2 with D. Here, $ is a chiral 
superfield and can be written by component fields: 



{y) + V2e^\y)+eeF\y) 



<p'{x) + iea>'9df,^'{x) + -eem^'d^<p\x) 

+V2eil,\x) - -^eedf,i;\x)a^'9 + 9eF\x) 
^'ix)+6^\x), 



(3.2) 
(3.3) 



where. 



x^" + iOa'' 



(3.4) 
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Using (p^), we expand the action (^) around scalar fields [ip^ip*). It is 
sufficient to expand it to 0((5<I>)^), because 5^ (and 5^"^) contains at least 
one 9. Integrating out over Grassmann numbers {9 and 9), we obtain the 
SNLctM action written by component fields: 



(3.5) 



First, we consider the bosonic part of the action ( p.5| ). The loop cor- 
rection term in the WRG eq.( |2.17| ) cannot be written in covariant form in 
general. We use the Kahler normal coordinates (KNC) expansion of the 
action to obtain the covariant expression for the loop correction [^] |11]. 

The Kahler normal coordinates {oj^to*) are defined by the following con- 
dition: 



K 



fu;,c^*)|o = 0. 



(3.6) 



Here, the index "0" denotes a value evaluated at the origin of KNC, which 
is the expansion point. 

The Riemann normal coordinates (RNC) are well known in perturba- 
tive calculations |12] |13|. All geodesies in RNC become straight lines. The 
RNC in Kahler manifolds, however, is not chiral and the coordinate trans- 
formation from the holomorphic coordinates to RNC is not holomorphic. 
On the contrary, in KNC, geodesies cannot become straight lines, but the 
KNC preserves holomorphy. 

Let us decompose arbitrary holomorphic coordinates (z*) into a back- 
ground field and small fluctuation vr' around it: = ip^ + vr. The coor- 
dinate transformation from coordinates to KNC is given by 



1 



■ vr 



(3.7) 



n=2 



These KNC uj^ is known to be transformed as the holomorphic tangent 
vectors. Since they have the well-defined transformation property, we can 
use convenient coordinate system for our calculation. 
In the D dimensional sigma model action 



Sscalar= I XgfJip, ip*)d^'ip''d^ip*^ , 



(3.8) 



the background fields are considered as the lower frequency modes and the 
fluctuation vr* as the higher frequency modes. The Euclidean path integral 
Z in Eq.(2.7) is written 



Z= [Dip][D^p*][DTT][D7r]exp - S[ip + n, ^p* + n] 



(3.9) 
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We regard the background field 99* as the origin of KNC, and transform the 
fluctuations vr* to KNC fields vf*: 



Z 



KNC 



[Dip] [Dip*] [Dtt] [Dtt*] exp - S[p + Tt,ip* + n* 



(3.10) 



where bars indicate quantities in KNC, and S is given by 

s[p + Tt,p* + TT*] = [ dPxMp + 7f, (/p* + r)df,{p + ^yd^{p* + 7f)^^(3.ii) 



The KNC fields it{x) can be expanded by tangent vectors by solving 

Eq. (|3.7| ) for vr* and taking KNC system 



1, 



(3.12) 



Substituting Eq.( p^ into Eq. (|3.11|) and using the property of KNC (|3^ ), 
we obtain the expansion of the sigma model action to the second order of 
the fluctuations in KNC: 



S[p + Ti,p* + 7f*] = / d''xgi-\^ {^^p'^^'p*^ + ^^p'^^'iI:*^ + O^w^S^c^*^ + d^uj'd^'uj*^ 

d^p'd^'p*~^uj^uj*^ + ]^d^p^d^'p^Ld*~iuj*~^ + ^^f,p*~^^^'ip*^L^'o'' 



From this expansion, we can read the matrix 

6^S 



(3.13) 



Mij{q',p') 



(3.14) 



in Eq.( 2.17] ), whose trace corresponds to the one loop correction term. These 
matrix elements are in momentum space 



M{q',p') 



Mm M) 



kl 



(3.15) 



where 



kl 



5(p*\q')5p'^{p') 

i-p'-q')9kiiPW + Q' + P) 



p',q',P 

+ I i-p- q)9i].kliP" +P' + q'W[p)v*'5{p' + q'+p + q + P"), 

J p' ,q' ,p,q,P" 

(3.16) 
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Jp',q',p,q,P" 

(3.1 

Mki = [ {-P-q)M,fAP'' + p +q>*\p)v*Hq)Kp' + q' + p + q + P'' 



p' ,q' ,p,q,P" 

(3.18) 



M-ki = [ {-p'-q')gfk{P)hp' + q+P) 

+ [ i-p- q)gi],i-k{P" +P' + q'V{p)v*'S{p' + q'+P + q + P")- 

Jp',q',p,q,P" 

(3.19) 

We write the (1,1) element (|3.16D as 

MM={h-q'\Mi\k;p'), (3.20) 
to define the operator Mi. Here, the states \k;p) are defined by 

{k;p\l;q) = {l;p\k;q) =5{q-p)5M, (3.21) 

/ \\k:p)5'Hl-M + \hp)5'Hk-M] = 1. (3.22) 
ki 

From Eq.( |3.20| ), the exphcit form of the operator Mi is 

(Ml),,- = p-g^P + -g,^^Md>.v'd^^*l (3.23) 

Similarly, from the other elements of the matrix ( |3.17| ),( p.l8 ),( 3riS| ) we can 
define the following operators: 

{M2)m = Us^^^'d^^, (3.24) 

{M^)u = MfA^^^d^'v*''. (3.25) 

(M4)fc; = p-guP + 9i3,kA^'d''P*'- (3-26) 

The one loop correction term to 0{d'^) can be decomposed as follows: 

/ iiln Mij{-p\p')= / trlnMi-+ / trlnM4-, (3.27) 
J p' J p' J p' 

because M2 and M3 contribute only to higher derivative terms. Noting that 
g^j l^ and g^j j, are zero in KNC, we can calculate this trace: 

j^^tiln Mij{-p',p') = j^{5t) j dflD j xtr In gfj 

+ (2^^'^*) / "^^^ / d''xg,.^M9%'P'd''^*'- 

(3.28) 
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Now we have to discuss the contribution of the fermion part in the super- 
symmetric action ( |3.5D . It turns out that there is no fermion contribution 
to the bosonic action except for the first term in ( p.28 ) with the opposite 
sign. Therefore, the first term in the right hand side of Eq.( |3.2^ ) cancels 
with the similar contribution from the fermionic part. In KNC, the second 
term can be written as 



(2vr) 



D 



{6t) I dflD I d^xRfjd^if'd^'ip 



-,*3 



(3.29) 



Finally, we transform this result from KNC to the original coordinates. 
Then, the first term of the WRG eq.( pTT7| ) is 



25t 



tr In M 



(2vr) 



D 



(3.30) 



The second term of Eq.(2.17), the contribution of the dumbell diagram, 
vanishes to the order 0{d^) in the derivative expansion, because external 
lines carrying soft momenta in the derivative expansion cannot satisfy the 
energy-momentum conservation law with the hard shell-momenta carried by 
the internal double lines in the dumbell diagram. 

Similar derivation can be applied to D=2 M = 2, D=3 M = 2 and D=4 
N = 1 SNLcrM. We obtain the WRG equations for scalar part action for 
these SNLcrM. 

• In the case of D=2 N = 2 SNLaM 



I j d'xg,jid,^y{d'^ip*y 



d^x 



1 

27r 



(3.31) 



In the case of D=3 M = 2 SNLaM 



d_ 
dt 



d^xgdd^ipy{d^cp*y 



d^x 



f''9ij,k + 'P*^9ij;k + '^9ij 



^^9i-j,k + ^*^9ij;k 



{d,^)\d^^y. (3.32) 
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• In the case of D=4 N = 1 SNLcjM 



Svr' 



2 ^ij 7 



^''9^-j,k + 'f*''9i-j,k 



(3.33) 



In two dimensions, for example, the (3 function of the Kahler metric is 

d_ 

di' 



:9ij 



^^^^ 
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V^^9^],k + ^*^9i-j:k + 25. 



EE -/3(5,.). (3.34) 
We concentrated to the discussion of the WRG equation for the bosonic 



part of the action. In supersymmetric theories. Eg. ( 3.34 ) has to be the 
scalar part of the relation among superfields. Other parts will have con- 
tributions both from bosonic and fermionic parts. Here, we simply assume 
supersymmetry to derive supersymmetric relation. In this paper, we used 
straight cut-off in momentum space to obtain the WRG equation. We will 
need some modification or counter terms to maintain supersymmetry. If we 
assume supersymmetry, the WRG equation for Kahler potential should be 



^ J dVK[<^>,<^>^ = J dVAKi[<S>,<^>^] 



S, 



(3.35) 



where VL stands for ^p^ip* ,ip,ij),F,F^ and AKi is the one-loop correction: 



AKi = i-lndet5,H^,<I>t]. 



(3.36) 



Expanding Eg. ( 3. 35 ) around scalar fields, as in Eg. (|3.5| ), we can obtain the 
WRG equations for various terms in Eq. (^]^) . These equations are consistent 
with Eq.d^). 

From now on, we consider only D=2 J\f = 2 SNLtiM. 



4 Generic Einstein Kahler Manifolds 



Using the WRG equation for SNLcrM action ( ^.3lD , we find that SNLcrM 
are asymptotically free, when target spaces are the compact Einstein Kahler 
manifolds. 



12 



The Einstein Kahler manifolds satisfy the fohowing condition: 

h 

where a is the radius of the manifold, which is related to the coupling con- 
stant A by 

A = -. (4.2) 

a 

If the manifold is Hermitian symmetric space (G/H), the positive constant h 
in Eq.( [4.lD is the eigenvalue of the quadratic Casimir operator in adjoint rep- 
resentation of global symmetry G §. For the CP^ = SU{N + l)/[SU{N) x 
[/(!)] model, its value is -|- 1. We will discuss this model later. 

When the manifolds have the radius a = ^, the scalar part of SNLuM 
Lagrangian can be represented in the following form: 



-6,-d^^'d>^^*j. (4.3) 



Although we consider only the scalar part for simplicity, the other parts are 
consistent with it. We rescale the scalar fields as follows: 

jif = ^. (4.4) 
Then, the Lagrangian ( |4.3| ) have the normalized kinetic term: 

Cscalar = 5ij(A^, A(^* )9^(^^a'^(^*^\ (4.5) 

Here, 

gij\(p,(p*=o = ^ij (4.6) 

is the metric of the manifold of unit radius. Rescaling the WRG eq.( p.31D 
and comparing the coefficient of d^(p^d^(p*^ , we have 

d 1 ~ 

where Rr^ is rescaled Ricci tensor and can be written as 

Ri] = hX^gf, (4.7) 



using Einstein Kahler condition 

Because only A depends on t, this differential equation can be rewritten: 

J^''9i],k + J^*''9^],-k = -(^ + 27)ftJ-7[^%> + r'%,fc]- 

(4.8) 
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Since the left-hand side vanishes for ip* ~ 0, the coefficient of gfj must 
vanish on the right-hand side. Thus, we obtain the anomalous dimension of 
scalar fields (or chiral superfields): 



7 



An ' 



(4.9) 



Comparing the coefficient of 'f'^gij^k (oi' 'f 
tion of A: 



*k 



9ij,k)^ we also obtain the /5 func- 



dX 
'dt 

-Aa3. 

Air 



(4.10) 



This P function shows this theory is asymptotically free. The effective 
coupling constant A becomes small at the high energy. Thus at UV region 
the radius a ^ oo and the manifolds become flat. 

The Gell-Mann-Low function based on perturbation theory is discussed 
m ref.g. In that paper, the /? functions are calculated using specific forms 
of Kahler potential for the four group of compact homogeneous symmetric 
Kahler manifolds. Our method does not need such potential. We found the 
theories with Einstein Kahler manifolds are asymptotically free in general. 
To conclude this section, we give two simple examples of Einstein Kahler 
manifolds. The constant h for the hermitian symmetric space is given by 
the eigenvalue of the quadratic Casimir operator in adjoint representation 
of G as is shown in Table 1. 



G/H 


Dimensions (complex) 


h 


SU{N)/[SU{N - 1) U{1)] =CP^^-i 


N-1 


N 


SU{N)/[SUiN -M)® U{M)] 


M(N-M) 


N 


SO{N)/\SO{N -2)0 U{1)] = Q^~2 


N-2 


N-2 


Sp{N)/U{N) 


\N{N + l) 


N-hl 


SO{2N)/U{N) 


\N{N + l) 


N-1 


Ee/[SO{W) U{1)] 


16 


12 


Et/[E^®U{1)\ 


27 


18 



Table 1: The values of h for hermitian symmetric spaces 



• CP^ model 

The Kahler potential involves a set of N chiral and anti-chiral super- 
field $ = (^>\---,«>^) 

= a2ln(l-F (4.11) 
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From this Kahler potential, we can obtain Kahler metric and Ricci 
tensor. 



9i 



I + ifip* 

-djdi{ln det g,,i) 

N + 1 
n2 ^i~r 



(4.12) 



(4.13) 



Eq.(4.13) shows that this manifold is Einstein Kahler manifold with 
h = N + 1. Hence Eqs.(|]|) and ( CT ) 

give us immediately 
(iV + l)A2 



7 
/3(A) 



47r 

(A^ + 1)A^ 



(4.14) 
(4.15) 



These results are consistent with the perturbative results ||3[. 
• model 

The next example is = SO{N + 2)/[SO{N) x ^7(1)] model, whose 
Kahler potential has the form 

K[^^ $t] = ^2 1^ ^ ^^t ^ 1 |2^t2^ ^ (4.16) 
where ^ = ($^, • • • , <I>^). Kahler metric and Ricci tensor are given by 
9ij 



1 + ipip* + J(f^0*'^ 



^.o\2 



;i + 00* + 1^0*'') 



R 



N 



a 



(4.17) 
(4.18) 



Eg. ( 4. 18 ) shows that this manifold is also Eistein Kahler manifold, and 
h = N. According to the same discussion as CP^ model, we obtain 
the anomalous dimension and f3 function: 

7 = (4.19) 



/3(A) 



Air 



(4.20) 



Combining these two examples, we will construct a new model in the 
next section. 
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5 A New Model 

Consider the following Kiihler potential which has two parameters A(t) = 

4y ^"^^ sit)- 

K[^, $t] = a^(t) In (^1 + + g(t)$2|t2^ _ 

When g = 0, this is CP^ model, and this becomes model when g = 
|. The former has the global symmetry SU{N + 1), and the latter has 
SOiN + 2). 

This Kahler potential gives the Kahler metric and Ricci tensor: 



a\t) 



+ 



1 + 0(p* + g{t)(f^(p*'^ 



Rf. = {N + r ^ 



(1 + (p0* + 5(t)(^(^*2)2 

1 + ^g{t)00* + g{t)^0*^ 



+ 



(l+45(t)^(^*+(?(i)(^(^*2)2 

(5.2) 

Note that Eg. ( ^.21 ) shows this manifold is not an Einstein Kahler manifold 
unless g takes specific values. According to the same discussion as section 
4, we obtain 

7 = -^[(iV + l)-45], (5.3) 
/3(A) = -^[(Ar + i)+ 85(25-1)], (5.4) 
m = —g\^g-l). (5.5) 

vr 

Fig. 3 shows the renormalization group flows in A — 5 plane. 

From Eq.( |5.5D , I3{g) is zero when 5 = and g = \- These values of 
g correspond to CP^ and models respectively, and in both cases the 
manifolds become Einstein Kahler manifolds. 

In the infrared(IR) region, the coupling constant A becomes infinity and 
g approaches \. Thus this model becomes model with strong coupling 
at low energy. On the contrary, at ultraviolet (UV) region, the flow separates 
g < \ and g > \ regions. In 5 < ^ region, the coupling constant A ^ 
and 5^0. Thus CP^ with the radius a ^ 00 is the UV fixed point of this 
new model, la g > \ region, the coupling constant g goes to infinity and A 
becomes zero. 
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Figure 3: Renormalization group flows (The direction of arrows shows in- 
frared region.) 

6 Conclusions 

In this paper we have found the /3 function for the WRG equation in two 
dimensional J\f = 2 supersymmetric nonhnear sigma model using nonper- 
turbative method. This /3 function of Kahler metric at 0(9^) approximation 
consists of the one-loop correction term and rescaling term. We have ob- 
tained several new results from this /3 function. 

First, we have seen all theories are asymptotically free if target spaces 
are generic compact Einstein Kahler manifolds. This statement is drawn by 
using only Einstein Kahler condition, and does not depend on the specific 
form of Kahler potential. 

Second, we have constructed a new model, which has two parameters g 
and A. This model is not Einstein Kahler manifold except for special values 
of g. Using the Wilsonian renormalization group equation, we obtain two /? 
functions of each parameters. One of the f3 functions {f3{g)) is zero when the 
model becomes CP^ and model. These two models have the different 
global symmetry SU {N + 1) and SO{N + 2) respectively, and both of them 
are Einstein Kahler manifolds. The renormalization group flow shows the 
new model interpolates CP^ model and model. We have also found 
the CP^ model is the UV flxed point of the model. From this analysis, we 
conjecture that generic Kahler manifolds go to Einstein Kahler manifolds 
through Wilsonian renormalization group flow. 
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